Second-order Lagrangian densities admitting a first-order Hamiltonian formalism are studied; namely, i) for each second-order Lagrangian density on an arbitrary fibred manifold p : E → N the Poincaré-Cartan form of which is projectable onto J 1 E, by using a new notion of regularity previously introduced, a first-order Hamiltonian formalism is developed for such a class of variational problems; ii) the existence of first-order equivalent Lagrangians are discussed from a local point of view as well as global; iii) this formalism is then applied to classical Einstein-Hilbert Lagrangian and a generalization of the BF theory. The results suggest that the class of problems studied is a natural variational setting for GR.
Preliminaries

Legendre & Poincaré-Cartan forms
Below, a fibred manifold p : E → N is considered over a connected n-dimensional manifold N oriented by a volume form v = dx 1 ∧ · · · ∧ dx n . The bundle of k-jets of local sections of p is denoted by p k : J k E → N , with natural projections p k l : J k E → J l E, k ≥ l. Every fibred coordinate system (x j , y α ), 1 ≤ j ≤ n, 1 ≤ α ≤ m = dim E − n, for the submersion p, induces a coordinate system (x j , y α I ) (I = (i 1 , . . . , i n ) being a multi-index in N n of order |I| = i 1 + . . . + i n ≤ r) on J r E defined by,
where s is a local section of p. We also set (j) = (0, . . . , 0, The Legendre form of a second-order Lagrangian density Λ = Lv, defined on p : E → N , L ∈ C ∞ (J 2 E), is the V * (p 1 )-valued p 3 -horizontal (n − 1)-form ω Λ on J 3 E locally given by (e.g., see [18] , [21] , [25] ),
where v i = dx 1 ∧ · · · ∧ dx i ∧ · · · ∧ dx n , and denotes the total derivative with respect to the coordinate x j . The Poincaré-Cartan form (or P-C form for short) attached to Λ is the ordinary n-form on J 3 E given by Θ Λ = (p 3 2 ) * θ 2 ∧ω Λ + Λ (e.g., see [18] , [25] ), where θ 1 , θ 2 are the first-and second-order structure forms on J 1 E, J 2 E, locally given by (cf. [17] , [24] ), θ 1 = θ α ⊗ 
Projecting onto J
The most outstanding difference with a first-order Lagrangian density is that the Legendre and Poincaré-Cartan forms associated with a second-order Lagrangian density are generally defined on J 3 E, thus increasing by one the order of the Lagrangian density Λ.
For certain second-order Lagrangian densities it is known that the P-C form is projectable onto J 2 E; e.g., see [10] . More precisely, the P-C form of a secondorder Lagrangian projects onto J 2 E if and only if the following system of PDEs holds (cf. [6] , [10] ): More surprisingly, there exist second-order Lagrangians for which the associated P-C form projects not only on J 2 E but also on J 1 E. Notably, this is the case of the Einstein-Hilbert Lagrangian in General Relativity.
As is well known (e.g., see [11, (1. 3)], [21, 2.1]), p r r−1 : J r E → J r−1 E admits an affine bundle structure modelled over the vector bundle Proposition 1.1 (cf. [16] , [23] ). The Poincaré-Cartan form attached to a Lagrangian L ∈ C ∞ (J 2 E) projects onto J 1 E if and only if L is an affine function with respect to the affine structure of p
and the following equations hold: The equations (5) admit a variational meaning. The Euler-Lagrange (or E-L for short) operator of an arbitrary second-order Lagrangian can be written in terms of the coefficients of the P-C form (see the formulas (1), (2)) as follows:
The E-L equations for an affine second-order Lagrangian L, given as in the formula (4) , are of third order and they are of second order if and only if the equations (5) hold (cf. [ 
23, Proposition 2.2]).
As the projection p r r−1 : J r E → J r−1 E admits an affine-bundle structure, a natural vector-bundle isomorphism is obtained, where the vector bundle W r is defined in (3) . Given an arbitrary vector bundle W → N , there exists an antiderivation
of degree +1-called the fibre differential (e.g., see [11, (1.9) ])-such that, d E/N (f p * ξ) = df | V (p) ⊗ ξ, for all f ∈ C ∞ (E) and all ξ ∈ Γ(E, W ). (In the previous paragraph, the relevant fact is that the vector bundle W → N is defined over the base manifold N , and not over the fibred manifold E.)
In what follows we are mainly concerned with the fibre derivative d J 1 E/J 0 E , which will simply be denoted by d 10 for the sake of simplicity.
A Lagrangian L ∈ C ∞ (J 2 E) is an affine function with respect to the affine structure of p , where the symbol ⊙ denotes symmetric product.
If
p) is the natural embedding, then we consider the section (7) w
obtained by composing the following mappings:
is the isomorphism deduced from (6) for r = 1. As I 1 (dx a ⊗∂/∂y α ) = ∂/∂y . Letting W = T N in the definition of the fibre differential above, recalling that the Poincaré lemma also holds for fibre differentiation (e.g., see [19] ) and recalling that the fibres of p 1 0 : J 1 E → E are simply connected as they are diffeomorphic to R mn , the following global characterization of second-order variational problems with a P-C form projecting onto J 1 E, is obtained:
and only if L is an affine function with respect to the affine structure of p
Remark 1.2. A general procedure to obtain global sections σ : E → J 1 E of p 1 0 is to use Ehresmann (or non-linear) connections, i.e., to use a differential 1-form γ on E taking values in the vertical sub-bundle V (p) such that γ(X) = X, ∀X ∈ V (p); hence, locally (cf. [22] 
We claim that for every e ∈ E, there exists a unique j 1 x s ∈ J 1 E such that, i) s(x) = e, where x = p(e), and ii) (d v s) e = γ e . In fact, one has (∂(y α • s)/∂x j )(x) = −γ α j (e), and the section σ γ attached to γ is defined by, σ γ (e) = j 1 x s.
Summary of contents
Bearing the previous definitions and notations in mind, the paper is organized as follows: In section 2 the Hamiltonian function, the momenta, and the HamiltonCartan equations attached to each of the aforementioned Lagrangians are introduced as a consequence of a normal form for their P-C form. This section also deals with the notion of regularity for the class of second-order variational problems with a P-C form that projects to first-order jet bundle. Although the Hessian metric vanishes identically for the Lagrangians of such class, a suitable notion of regularity is introduced for them.
In [23] the study of the formal integrability of the field equations of secondorder Lagrangians with projectable P-C form to first order in their Hamiltonian form is devoted. In the real analytic case, this allows one to solve the Cauchy initial value problem for this class of Lagrangians. The previous sections are then applied to GR in section 3, thus showing how the theory developed fits very well to the standard Lagrangians in this setting. Specifically, section 3.1 studies Einstein-Hilbert Lagrangian from this point of view, proving its regularity and giving a new statement for the initial problem. Similarly, section 3.2 provides a strong generalization of the classical Lagrangians in BF-theory, again showing that the results obtained above can naturally be applied to these new Lagrangians. In section 4, the existence of first-order Lagrangians variationally equivalent to a second-order Lagrangian admitting a first-order Hamiltonian formalism is studied, both from local and global point of view. This generalizes previous results obtained for the E-H Lagrangian in [3] . Section 5 introduces the notions of symmetry and Noether invariant for the class of variational problems dealt with throughout the paper and section 6 discusses in particular such concepts for the E-H Lagrangian. Finally, in section 7 the notion of a Jacobi field along an extremal is introduced and the presymplectic structure attached to a variational problem is defined. Several explicit examples are also developed in detail.
Regularity and Hamiltonian formalism
In the usual (i.e., first-order) calculus of variations, a section s is an extremal of the Lagrangian density Λ on J 1 E if and only if it satisfies the so-called "Hamilton-Cartan equations" (or H-C for short; e.g., see [11, (3.8) ], [10, (1) ]), namely, if and only if the following equation holds: (j 1 s)
If Λ = Lv is an arbitrary second-order Lagrangian density on E, then the following formula holds (e.g., see [18] ):
where
From the formula (9) it follows that the H-C equations also characterize critical sections for a second-order density Λ; i.e., s is an extremal for Λ if and only if, (j 3 s)
Remark 2.1. If the P-C form of a second-order density Λ projects onto J 1 E, then its H-C equations have the same formal expression of a first-order density (see the formula (14) below), although there is no first-order density having Θ Λ as its P-C form. In fact, the P-C form of a first-order Lagrangian densitỹ If Θ Λ = ΘΛ, then the following three equations are obtained:
From (4) and 1) it follows L = L 0 ; hence L is of first order. Moreover, taking (2) into account, the formulas 2) and 3) above are respectively rewritten as 
where the functions L i are defined by the formulas (8)-(i), the following formula holds:
are linearly independent, then a section s : N → E is an extremal for Λ if and only if it satisfies the following equations:
As is well known (e.g., see [11] ), if the Hessian metric Hess(L) of a firstorder density Λ = Lv is non-singular, then every section s 1 : N → J 1 E of the projection p 1 : J 1 E → N that satisfies the P-C equation for Λ is holonomic; i.e., s 1 coincides with the 1-jet extension of the section s = p
In the case of a second-order density with a P-C form projecting onto J 1 E, the following result holds:
where the functions p i α are introduced in (11), are linearly independent, then every solution to its H-C equations, is holonomic.
According to the previous lemma, we can define a bilinear form
where φ k v is the isomorphism defined by
, then one readily obtains,
In other words,
Hence, the next result follows:
Corollary 2.3. Let Λ be a second-order density on E whose P-C form projects onto J 1 E. If the bilinear form defined in (15) is non-singular, then every solution to the H-C equations for Λ is holonomic. In fact, ifL is the Lagrangian defined by
then, as a calculation shows,
3 Applications to GR
Einstein-Hilbert Lagrangian
Below, we follow [23] . Let p M : M = M (N ) → N be the bundle of pseudoRiemannian metrics of a given signature (n
, where the functions y jk = y kj are defined by,
Following the notations in [13] , the Ricci tensor field attached to the symmetric connection Γ is given by
, where R Γ denotes the curvature tensor field of the covariant derivative ∇ Γ associated to Γ on the tangent bundle; hence
, where v is the standard volume form, R g is the curvature tensor of the LeviCivita connection Γ g of the metric g, and v g denotes the Riemannian volume form attached to g; i.e., in coordinates,
The local expression for L EH is readily seen to be 
Hence the function H-considered as a first-order Lagrangian-not only provides the H-C equations for Λ EH but also its own E-L equations, e.g., see [4, 3.3 .1].
Theorem 3.1 (cf. [3] , [7] , [23] ). We have
(ii) The Lagrangian functionL EH defined in (17) coincides with the opposite to the Hamiltonian function.
(iii) The E-H Lagrangian satisfies the regularity condition of Corollary 2.3.
Proof. (i) From the formula
and (22), (23) it follows that the matrix of b ΛEH in the basis (dx
, and one can conclude.
(ii) It follows from the formulas (18), (22) , (24) by means of a simple calculation.
(iii) The proof is similar to that of Proposition 5.1 in [3] , as ∂p j mr
where L ∇ is the first-order Lagrangian variationally equivalent to L EH introduced in [3] .
In the present case, the equations (14) become
Remark 3.2. By using the previous theorem, in [23, Theorem 6 .2] the following result has been obtained: "Given symmetric scalars γ
BF field theory
In this section we consider a new approach to BF Lagrangians (cf. [2] , [5] , [8] , [14] , [15] ) generalizing the E-H functional. Let π : F (N ) → N be the principal Gl(n, R)-bundle of linear frames on N . Given a metric g on N , let π g : F g (N ) ⊂ F (N ) → N be the subbundle of orthonormal linear frames with respect to g, i.e., u = (X 1 , . . . , X n ) belongs to F g (N ) if and only if, g(X i , X j ) = ε i δ ij , with ε i = +1 for 1 ≤ i ≤ n + and
This is a principal bundle with structure group the orthogonal group O(n + , n − ), n + + n − = n, associated to the quadratic form
2 . By virtue of the symmetries of the curvature tensor R g of the Levi-Civita connection of a metric g, for every X, Y ∈ T x N the endomorphism R g (X, Y ) takes values in the vector subspace of skew-symmetric linear operators (with
be the bundle of pseudo-Riemannian metrics of signature (n + , n − ), and let
be the vector subbundle of the pairs (
A is skew-symmetric with respect to g x . Pulling A(T N ) back along a metric g, understood as a smooth section of p M : M → N , one obtains the adjoint bundle of the bundle of orthonormal frames with respect to g, i.e., the bundle associated to F g (N ) under the adjoint representation of O(n + , n − ) on its Lie algebra o(n
where R g is considered as a ad F g (N )-valued 2-form on N . Locally,
Here and below, we identify the vector space End(T x N ) to T * x N ⊗ T x N by agreeing that w ⊗ X is identified to the endomorphism given by, (
If we set β j kl,i = −β j lk,i for k ≥ l, then, as a calculation shows, the following local expression holds:
, and the equations β 
where φ 2 v is the isomorphism defined in (16) . If β is locally given as in (26), thenβ
If sym 14 :
is the symmetrization operator of the arguments 1 and 4, i.e., sym 14 
and the formula (28) can be rewritten as,
The Lagrangian function (27) coincides with the E-H Lagrangian (i.e., L β = L EH ) if and only if the form β is given by,
where the function ρ is defined in (19) .
(ii) With the natural identification
(iii) The E-L equations for the Lagrangian density Λ β are the following:
where,
• ∇ g is the covariant differentiation with respect to the Levi-Civita connection of a section g of the bundle p M : M → N .
• The fibre differential d M/N β is understood to be a section of the vector
• g
•
Proof. (i) By comparing the formula (27) with the following:
we obtain (29) directly.
(ii) As a calculation shows, the matrix of b Λ β is given as follows: 
Moreover, the following local expressions are deduced:
from which the result follows. 
where c
denotes the contraction operator of the first covariant index with the second contravariant one, and the second covariant index with the third contravariant one.
Remark 3.4. The geometric construction of the form (29) is as follows: Given an arbitrary system X 1 , . . . , X n−2 ∈ T x N , we must define a skew-symmetric (with respect to g x ) endomorphism β(g x )(X 1 , . . . , X n−2 ) :
If the given system is linearly dependent, then β(g x )(X 1 , . . . , X n−2 ) = 0. We assume: i) The system (X 1 , . . . , X n−2 ) is linearly independent. Hence its orthogonal Π = X 1 , . . . , X n−2 ⊥ is a subspace of dimension 2 in T x N , ii) the subspace X 1 , . . . , X n−2 is not singular with respect to g x . Hence
and Π is also non-singular. Let (n + (Π), n − (Π)) ∈ {(2, 0), (1, 1), (0, 2)} be its signature and let
be the matrix of g x in an orthonormal basis (Y 1 , Y 2 ) of Π, which, in addition, is assumed to satisfy the following:
is commutative) and skew-symmetric. We defineJ
Remark 3.5. The bilinear form b Λ β is identified to a section of the vector bundle
, and the following formula holds:
where the operators alt ij , sym ij , sym (1,2)(4,5) :
are defined as follows:
and the contravariant 6-tensorβ is given by, (ii) The E-L equations of Λ, considered as a second-order partial differential system, satisfy the Helmholtz conditions.
(iii) The E-L equations of the first-order LagrangianLv above coincide with E-L equations of Λ.
determines a globally defined first-order Lagrangian which is variationally equivalent to Lv, but this is not canonically attached to Lv as it depends on the section σ.
Proof. (i) Locally, the Hamiltonian and the momenta associated toL are given respectively by (cf. formula (10) in Remark 2.1),
By comparing the H-C equations forL with the H-C equations for L given in (14) , one obtains, H =H and
Replacing (32) into (31), one concludes thatL is given as in the formula (17) . Moreover, ifL ′ is the first-order Lagrangian associated to other primitive functions
(ii) As a simple-although rather long-computation shows, the second-order differential operator E α (L)dy α ∧ v satisfies the equations (1.5a), (1.5b), and (1.5c) in [1] . In fact, by using the formulas (1), (2), and (8), the following equations are checked:
.
(iii) From the formula (17) , it follows that the LagrangianL can also be written (4) 
), but it should be noted that the VainbergTonti Lagrangian is of second order in the general case; e.g., if L(x, y,ẏ,ÿ) =
Therefore L V T is of second order, except when (L V T ) 1 = 0, and this latter condition is seen to be equivalent to the following:
In the particular case of the bundle of metrics, there exists a more specific way to obtain a section σ of p x M such that, 1)g x = g x , and 2) (∇g) x = 0. The mapping
Proof. If Γ i jk are the local symbols of ∇ in a coordinate system, then as a calculation shows, the condition 2)-assuming 1)-of the statement is equivalent to,
thus proving that σ ∇ makes sense.
M , where
denotes the alternating operator of the second and third covariant indices, and
is the isomorphism induced by g, i.e.,
and c : ⊗ 2 T * M ⊗ 2 T M → R is the total contraction of the first (resp. second) covariant index with the first (resp. second) contravariant one.
Symmetries and Noether invariants
If Φ t is the flow of a p-projectable vector field X, then Φ (r)
t is the flow of a vector field X (r) ∈ X(J r E), called the infinitesimal contact transformation of order r associated to the vector field X. The mapping X → X (r) is an injection of Lie algebras. For r = 1, 2, the general prolongation formulas read as follows:
Theorem 5.1. Let Λ = Lv be a second-order Lagrangian density on p : E → N with P-C form projectable onto J 1 E. If X is a p-projectable vector field on E, then the P-C form of the second-order Lagrangian density
Λ also projects onto J 1 E and the following formula holds:
Therefore, if s : N → E is an extremal for Λ and X is an infinitesimal symmetry
′ being the projection of X onto N and div(X ′ ) the divergence of X ′ with respect to v. According to Proposition 1.1, we must prove the existence of functions
, a, h, i = 1, . . . , n, α, β = 1, . . . , m.
As L satisfies such formulas by virtue of the hypothesis, and X (2) projects onto
From the formula (35) it also follows: 
∂y γ , the third equation again being a consequence of (5). Hence
Expanding the right-hand side above we obtain
Moreover, by applying the formula (36) to the density Λ ′ we have
We first compute L ′i0 α . From (2), (33), (34), and (35) we deduce
Furthermore,
Hence
and we obtain
By using the formula
2) Λ = 0 and by virtue of the formula in the first part of the statement we deduce
, and we can conclude recalling that the second term in the left-hand side vanishes, as follows from the H-C equations in Theorem 2.1. 
Symmetries of the E-H Lagrangian density
and from the geometric properties of the scalar curvature the E-H Lagrangian density Λ EH admits X ′ M as an infinitesimal symmetry for every X ′ ∈ X(N ). Let us compute its Noether invariant (j 1 g)
, and (L EH ) 0 are given in (2), (21) , and (20), respectively, by using a normal coordinate system (x i ) n i=1 centred at x ∈ N we even-tually obtain
By composing the tensor (∇ g ) 2 X ′ x and the isomorphism induced by the
Contracting the first contravariant index and the first covariant one, it follows:
and contracting c
′ ♯ x and the volume form,
Similarly, contracting the second contravariant index in (∇ g ) 2 X
′ ♯ x and the first covariant one, it follows:
and also,
Finally, Proof. Let p M : M → N be the bundle of pseudo-Riemannian metrics of a given signature. If X is an infinitesimal symmetry of Λ EH and X ′ is its p Mprojection onto N , then X − X ′ M is a p M -vertical symmetry of Λ EH . Hence, the statement is equivalent to saying that the only p M -vertical symmetry X of the E-H Lagrangian is the null vector field.
is an infinitesimal symmetry of a second-order Lagrangian L with P-C form projectable onto J 1 E, then X (2) (L) = 0, where
it follows:
Hence, the coefficient of y β jk must vanish and we obtain the following system of partial differential equations:
In the case of the E-H Lagrangian, we obtain (37) 
where we have used the notations below, 
where Φ st,uv is the matrix (Φ st,uv ) jk cd = Φ jk st,uv,cd , for every s ≤ t, u ≤ v. As dim Φ 11,23 = 0 for n = 3 and det Φ 12,34 = 0 for n ≥ 4, it follows V cd = 0.
Remark 6.1. For n = 2 the E-H Lagrangian density is known to be a conformally invariant 2-form; hence Λ EH admits-in this dimension-the Liouville vector field as a vertical infinitesimal symmetry.
7 Jacobi fields and presymplectic structure Let V (p) ⊂ T E be the sub-bundle of p-vertical tangent vectors for the submersion p : E → N . The infinitesimal variation of a one-parameter variation S t of a section s : N → E is the p-vertical vector field along s, X ∈ Γ(N, s * V (p)), defined by the formula, X x = tangent vector at t = 0 to the curve t → S t (x), ∀x ∈ N . On a fibred coordinate system (x i , y α ) we have
, ∀x ∈ N.
Let S be the sheaf of extremals of a second-order Lagrangian density Λ = Lv on p : E → N whose Poincaré-Cartan form projects onto J 1 E: For every open subset U ⊆ N we denote by S(U ) the set of solutions to the EulerLagrange equations of Λ, which are defined on U . As is well known ( [9] , [11] , [24] ) in the Hamiltonian formalism extremals can be characterized as the solutions to the Hamilton-Cartan equation; that is, s is an extremal if and only if (j 1 s)
. Jacobi fields are the solutions to the linearized Hamilton-Cartan equation. Precisely, a Jacobi field along an extremal s ∈ S(U ) is a p-vertical vector field defined along s, X ∈ Γ(U, s
is the first-order infinitesimal contact transformation on J 1 E associated to X (e.g., see [17] , [19] , [24] ). If
, then
In fact, it is readily checked that if S t is a one-parameter variation of s and S t is an extremal for every t, then the infinitesimal variation X of S t (see (40)) satisfies the Jacobi equation. Hence we think of the Jacobi fields along s as being the tangent space at s to the "manifold" S(U ) of extremals and accordingly we denote it by T s S(U ). Let s : N → E be an extremal of a Lagrangian density Λ defined on J 1 E. In a fibred coordinate system (x i , y α ) a vector field X ∈ Γ(U, s * V (p)) along an extremal s is a Jacobi field if and only if (j 1 s) [20, section 3.5] ). By using the formulas (11), (12) , and (13), we obtain
and finally,
Remark 7.1. In the case of the E-H Lagrangian density, Greek indices of the general case transform into a pair of non-decreasing Latin indices: α = (a, b), 1 ≤ a ≤ b ≤ n, and a Jacobi vector field along g can locally be written as follows:
with V ab = V ba for a > b. Moreover, in this case, the general equations (41) for Jacobi fields can also be written as follows:
g denotes the Levi-Civita connection of g, and R g its curvature tensor.
) is a flat 4-dimensional Lorentzian manifold, then locally, g = ε i (dx i ) 2 , with ε 1 = −1, ε 2 = ε 3 = ε 4 = +1, and the equations (42) of the Jacobi fields along g are as follows:
where Hence the space of quadratic Jacobi fields along g is a vector space of dimension 90, with basis
, where 1 ≤ A ≤ 10, and J = (j 1 , . . . , j 4 ), is a homogeneous Jacobi field along g of order r ≥ 3, then for every multi-index (i 1 , . . . , i 4 ) of order i 1 + . . . + i 4 = r − 2, the functions
U A are a quadratic Jacobi field along g, as the opera- 
and consequently, the functions
must satisfy the equations (44) for 1 ≤ a < b ≤ 4, and every multi-index (i 1 , . . . , i 4 ) of order r − 2.
4 is a 4-dimensional torus with Lorentzian metric g = ε i (dx i ) 2 , ε 1 = −1, ε 2 = ε 3 = ε 4 = +1, as in the Example 7.1, then we can obtain the global solutions to Jacobi equations (43) by expanding in Fourier series; namely,
,...,k4 exp(ik j x j ) and the equations (43) transform into the following:
k1,...,k4 , for every system (k 1 , . . . , k 4 ) ∈ Z 4 . Solving these equations for k 2 = 0, we obtain
and the unknowns U 
the unknowns U 
Hence, by using the formulas (45) we obtain
and the vector fields
Let Λ be a Lagrangian density on an arbitrary fibred manifold p : E → N and let Θ Λ be the P-C form associated to Λ. Let X, Y ∈ T s S(N ) be Jacobi vector fields defined along an extremal s ∈ S(N ) for the Lagrangian density Λ. Then,
g., see [9] ); i.e., the (n
The alternate bilinear mapping taking values in the space
is called the presymplectic structure associated to Λ. 
is surjective for every x ∈ N , then the radical of the valued 2-form (ω 2 ) s vanishes.
Proof. According to (13), we have dΘ Λ = (−1) i−1 dp
If we assume the vector field X belongs to rad(ω 2 ) s , then by evaluating at x the equation (ω 2 ) s (X, Y ) = 0, ∀Y ∈ T s S(N ), we obtain 
as the point x is arbitrary. Hence the formulas (47) are the equations for the radical of (ω 2 ) s . If we set
1≤h≤n,1≤β≤m
, then the second group of equations in (47) can matricially be written as 
, and dually,
Hence the Hessian metric can be viewed as a symmetric bilinear form
and we can define a linear map as follows:
The matrix of Hess(L) x s is assumed to be surjective, then the previous system is compatible.
Corollary 7.2. The radical of the valued 2-form (ω 2 ) g corresponding to the E-H Lagrangian density along an arbitrary extremal metric g, vanishes.
Proof. According to Theorem 7.1, in order to prove the corollary above, we need only to verify that the projection p
) is surjective for every x ∈ N . By considering a system of normal coordiantes for the metric g at the point x, and letting
, the equations (42) evaluated at x, are written as follows:
which is a system with 1 2 n(n + 1) equations in the
, and where the scalars v ab , 1 ≤ a ≤ b ≤ n, can take arbitrary values. A particular solution to this system is obtained by letting,
The equations (48) 
Example 7.3. Below, we compute the presymplectic structure associated to Example 7.2; i.e., we compute (ω 2 ) g for the E-H Lagrangian density when N = (R/2πZ) 4 and g = ε i (dx i ) 2 , ε 1 = −1, ε 2 = ε 3 = ε 4 = +1 by using the basis X k h , 1 ≤ h ≤ 8, k ∈ Z 4 of that example. We follow some ideas in [26, Section 7] for our particular case.
According to the previous notations and calculations, we have
and from the formulas (22) , (23) 
